Abstract. Let a > 1. Denote by ℓa(p) the multiplicative order of a modulo p. We look for an estimate of sum of ℓa(p) p−1 over primes p ≤ x on average. When we average over a ≤ N , we observe a statistic of CLi(x). P. J. Stephens [S, Theorem 1] proved this statistic for N > exp(c1 √ log x) for some positive constant c1. Upon this result, the value of c1 is at least 12e 9 in [S], we reduce this value of c1 to 3.42 by a different method. In fact, [S, Theorem 1, 3] hold with N > exp(3.42
Introduction
1 We use p, q to denote prime numbers, and use c i to denote an absolute positive constants. Let a ≥ 1 be an integer. Denote by ℓ a (p) the multiplicative order of a modulo prime p. Artin's Conjecture on Primitive Roots (AC) states that for non-square non-unit a, a is a primitive root modulo p for infinitely many primes p. Thus, ℓ a (p) = p − 1 for infinitely many primes p. Assuming the Generalized Riemann Hypothesis (GRH) for Dedekind zeta functions for Kummer extensions, C. Hooley [H] showed that ℓ a (p) = p − 1 for positive proportion of primes p ≤ x. Thus, we expect that ℓ a (p) is large, and close to p − 1 for large number of primes p. On average, we expect that ℓ a (p)/(p−1) behaves like a constant. P. J. Stephens (see [S, Theorem 1]) showed that if N > exp(c 1 √ log x) then for any positive constant A,
where C is Stephens' constant:
Although the value of the positive constant c 1 is not explicitly given in [S] , but we see that c 1 is at least 12e 9 (see [S, Lemma 7] ). The optimal value of c 1 along Stephens' method is any positive number greater than 2 √ 2e ≈ 7.6885. We replace 7.6885 by 3.42 by a different method. 
Similarly, we give an explicit constant c 1 in [S, Theorem 2] .
Subsequently, we obtain an improvement of average results on
If N > exp(3.42 √ log x), then for any positive constant D,
is Artin's constant. Also, the normal order result: If N > exp(4.8365 √ log x), then for any positive constant E,
Stephens also proved that the average number of prime divisors of a n − b also asymptotic to CLi(x) in [S, Theorem 3] , and proved normal order result in [S, Theorem 4] . The number N is rather large compared to those of Theorem 1, 2. (N > x(log x) c 2 in [S, Theorem 3] , and N > x 2 (log x) c 2 in [S, Theorem 4] respectively.) He mentioned that these could probably be improved by using the large sieve inequality as in Theorem 1, 2. However, he did not carry out the improvement in [S] . Here, we state the improvement and prove them.
Theorem 1.4. If N > exp(4.8365 √ log x), then for any positive constant E,
In [C] , Carmichael's lambda function λ(n) is defined by the exponent of the group (Z/nZ) * . We say that a is a λ-primitive root modulo n if the order ℓ a (n) of a modulo n is exactly λ(n). Following the definitions and notations in [LP] ,
S. Li [L] proved that for y ≥ exp((log x) 3/4 ),
This was further improved by S. Li and C. Pomerance [LP] , where they obtained (7) with range of y:
We prove (7) with a wider range of y:
Theorem 1.5. If y > exp(3.42 √ log x), then there exists a positive constant c 2 such that
Proof of Theorems
2.1. Proof of Theorem 1.1 and 1.2. We begin with the following elementary lemma (see [B] ):
Lemma 2.1. Let r ≥ 1 and define τ r (a) to be the number of ways to write a as an ordered product of r positive integers. If N ≥ 1, then we have
The proof is by induction.
We define τ ′ r (a) to be the number of ways of writing a as ordered product of r positive integers, each of which does not exceed N .
Lemma 2.2. We have
Proof.
We follow the notations in [S] , and give a critical upper estimate of the following quantities:
The sum * denotes the sum over non-principal primitive characters. Then by Hölder inequality and the large sieve inequality,
. Corollary 2.3. By taking N r−1 < x 2 ≤ N r , we have for r − 1 ≤ c log N ,
By taking N r−1 < x 4 ≤ N r , we have for r − 1 ≤ c log N , (1) and we have the following:
log log N = log K + 1 2 log log x,
By Stirling's formula, we have
If K ≥ 3.42, then we see that
We finally obtain that
Now, we deal with S 10 . Let N = exp(K √ log x). By [S0] , we may assume that K ≤ 6 √ log log x. Then N 1 4r = exp(O(K 2 )) = (log x) O(1) and we have the following:
From r − 1 ≤ c log N , we have
If K ≥ 4.8365, then we see that
Therefore, we obtain that Lemma 2.5. If N > exp(4.8365 √ log x), then there is a positive constant c 3 such that
Denote byS 10 the following character sum:
where Σ ⋆ is over non-principal characters. Then
For the estimate forS 10 , note thatS 10 ≪ S 10 + xS 4 . Proof of Theorem 1.1. As in [S, Theorem 1], we define a character sum c r (χ) where χ is a Dirichlet character modulo p:
Then we have
by Lemma 2.4 and [S, Lemma 12] . This completes the proof, since the second error term is dominated by the first.
Proof of Theorem 1.2. As in [S, Theorem 2], let (33)
.
Stephens decomposed S 6 into three parts:
where S 7 , S 8 , S 9 are the contributions to S 6 when both χ 1 , χ 2 are principal, when one of χ 1 , χ 2 is principal, and when neither χ 1 , χ 2 is principal, respectively. Then
and (38) S 9 ≪ S 10 log 2 x log log x N .
Then we have by Lemma 2.5,
Since the last two error terms are dominated by 
To treat the last error term, let c 2 be the positive constant in Lemma 2.4. Choose any positive constant c 6 smaller than c 2 , and split the sum into two parts:
where Σ 1 is the sum over p's with τ 2 (p − 1) < exp(c 6 √ log x), and Σ 2 is the sum over remaining p's. Then by Lemma 2.4,
By an elementary estimate n≤x τ 2 (n) 3 ≪ x log 7 x,
Thus, we obtain
Now, we treat the first sum on the right side. Again, by writing it with character sums,
We split the sum as before,
where Σ 3 is over p's with τ 3 (p − 1) < exp(c 6 √ log x), and Σ 4 is over remaining p's. By the same argument, we have
Therefore,
By the elementary identity d|n φ(d) = n, we have
+ O x exp(−c 7 log x) .
Then Theorem 1.3 follows by [S, Lemma 12] .
Proof of Theorem 1.4. Using the same argument as for Theorem 1.2 we deduce that
We prove that if any one of χ i , i = 1, 2, 3, 4 is non-principal, then they contribute O(x 2 / log E x). In this case, either χ 1 χ 3 or χ 2 χ 4 is non-principal. Suppose that χ 1 χ 3 is non-principal. Then, the contribution is
where E 1 is the sum over p, q's with
, and E 2 is the sum over remaining p, q's. Here, we let c 8 be a positive number smaller than c 3 in Lemma 2.5. By Lemma 2.5,
For E 2 , we have
The case when χ 2 χ 4 is non-principal, is treated similarly and it also contributes ≪ x 2 exp(−c 9 √ log x). Now, we find that the main contribution is when every character χ 1 , · · · , χ 4 is principal. In fact,
This completes the proof of Theorem 1.4.
2.3. Proof of Theorem 1.5. Following the definitions in [LP] ,
Let rad(m) denote the largest square-free divisor of m. Let E(n) = {a ∈ (Z/nZ) * : a λ(n) rad(n) ≡ 1 (mod n)}, and we say that χ is elementary character if χ is trivial on E(n). For each square free h|φ(n), let ρ n (h) be the number of elementary characters mod n or order h. Then Let X(n) be the set of non-principal elementary characters mod n. In [L] , it is shown that We use this when d is large. Let χ 0,n be the principal character modulo n. For positive integer k and reals w, z, define We want to estimate S d using the estimate of T (w, z). Because of the integral in S(w, z), we need an estimate of T (u, z) for 1 ≤ u ≤ w. First, assume that w ≤ z
